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w 1. Var iable  e l ec t romagne t i c  f ields a r e  used in many magnetohydrodynamic  p r o c e s s e s ,  e .g . ,  to contain 
and s tabi l ize  a p l a s m a  [1], to mix  liquid meta l s  [2], to control  cas t ing  [3], etc. In mos t  cases  the Lorentz  
f o r c e s  (1 /c ) [ j  • H] in a conducting med ium a r e  nonpotential  and, consequent ly,  cannot be b a l a n c e d b y a p r e s s u r e  
gradient;  they thus lead to the genera t ion of vor t ex  flow of the conducting medium.  In add i t ion , the  nonpotential  
e l ec t romagne t i c  f o r c e s  may  turn  out to be a convenient  means  for  producing "s tandard"  vor tex  flows for  r e -  
s e a r c h  pu rposes ,  s ince  in te res t  in these  flows is by no means  exhausted [4]. 

As a consequence of the complex  nature  of the dis t r ibut ion of Lorentz  f o r c e s ,  the induced flow can be 
v e r y  unusual; this  i nc rea se s  the in te res t  in invest igat ing vor tex  flows in va r i ab le  e lec t romagne t ic  f ields.  

Since the magnetohydrodynamic  equations a r e  nonl inear ,  these  p rob lems  can genera l ly  be invest igated 
only by modern  numer i ca l  methods.  By making some  s impl i fy ing assumpt ions  leading to a l inear iza t inn  of the 
equat ions,  we obtain accura t e  solutions of two p r o b l e m s  (outer and inner) with a sphe r i ca l  boundary between a 
conducting fluid and nonconducting space .  

In the outer  p r o b l e m  a conducting fluid f i l ls  all  of space  outside a solid nonconducting sphe re  of rad ius  
r 0. An a l te rna t ing  e l ec t romagne t i c  f ield of f requency  w is produced by an a l t e rna t ing  cu r r en t  local ized in the 
immedia te  vic ini ty  of the cen te r  of the sphere .  Consequently,  the s y s t e m  of cu r r en t s  is r ep laced  by an a l t e rna t -  
ing magnet ic  mo m en t  as a f i r s t  approximat ion .  We cons ider  the case  of a magnet ic  moment  of f ixed direct ion 
va ry ing  only in magnitude,  i .e . ,  m =m0eiwte z (Fig. la ) .  

In the inner p r o b l e m  a conducting fluid f i l ls  a sphe r i ca l  cavity;  the cavi ty  and fluid a r e  in an ex te rna l  
a l t e rna t ing  magnet ic  f ield tt0 eiwt, I t  0 = tt0e z =H0(cos 0o r - s i n o e o )  (Fig. lb).  

Hencefor th  we sha l l  speak  of the p rob l ems  shown schemat ica l ly  in Fig. 1 as p rob l ems  a and b. 

The solutions a r e  obtained under the following assumpt ions :  

1. The Stokes approximat ion  is valid to de sc r ibe  the flow; 

2. the magnet ic  Reynolds number  is sma l l ;  i .e . ,  

Re,~ = 4n~Voro/c 2 << t (1.1) 

where  v 0 is a c h a r a c t e r i s t i c  ve loc i ty  of the genera ted  flow; v and ~ a re  the k inemat ic  v i scos i ty  and the con-  
ductivity of the fluid; 

3. the behavior  of the s y s t e m  is invest igated af ter  the per iodic  r e g i m e  has been es tabl i shed;  the p roces s  
of r each ing  this r e g i m e  is not examined;  

4. the f requency  w sa t i s f i e s  the quas i s t a t ionary  condition; i .e . ,  (w/e)r0<<l; 

5. the magnet ic  pe rmeab i l i t y  /~ and the d ie lec t r ic  pe rmi t t iv i ty  e a r e  eve rywhere  equal to unity. 

Actual ly,  condition (1.1) follows f r o m  assumpt ion  1, s ince for  all  conducting f luids,  including e lec t ro ly tes  
and liquid me ta l s ,  :v,, = c2/4n~ >> v. Assumpt ions  5 a r e  not n e c e s s a r y  for  the solution and a r e  made in o rder  to 
s impl i fy  the final f o rmu la s .  
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The p r o c e s s  under invest igat ion is desc r ibed  by the equations of maguetohydrodyrmmics .  In view of a s -  
sumption (li1) the motion of the fluid does not affect  the var ia t ion  of the e lec t r i c  and magnet ic  f ields.  T h e e l e e -  
t rodynamics  p r o b l e m  and the p r o b l e m  of de te rmin ing  the flow genera ted  by the Lorentz  fo rces  a r e  thus s epa -  
ra ted .  An analogons p r o b l e m  of the flow of a fluid in an infinitely long cyl inder  is solved in [5] for  an externa l  
va r i ab le  magnet ic  f ield at r ight  angles  to the axis  of the cyl inder .  

w It is convenient  to ca lcu la te  the E and H f i e l d s  in the p rob l ems  under cons idera t ion  in t e r m s  of the 
vec tor  potential  A: 

E = -:-(l/c)OA/Ot; H = rot A. 

In spher ica l  coord ina tes  (r, 0, a )  a s soc i a t ed  with the boundary  of the media  the vec to r  A has only one compo-  
nent A =A(r ,  0, y )ea ;  because  of axial  s y m m e t r y  0 / 8 a -  0. The vec tor  A is de te rmined  by the equations 

hA~ = 0; (2.1) 

OA.,/Ot = (c~-/4n~)hA~ (2.2) 

and the boundary conditions 

A,I , ,=,~ = A~I . . . .  ; ( 2 .3 )  

OA~ aA, = ~ . . . .  ; (2.4) 
"-~f r~ro 

A~lr--,-~ =~ c~; (2.5a) 

(2.5b) AI[~.~ --+ (r/2) H0ei~t 

[The subsc r ip t s  1 and 2 r e f e r ,  r e spec t ive ly ,  to the nonconducting and conducting regions  (Fig. 1). The numbers  
of the equations which apply to only one of the two p rob l ems  under cons idera t ion  a r e  followed by a or  b.] 

In addition to conditions (2.3)-(2.5), the solution of p r o b l e m  a for  r = 0 mus t  have the s ingular i ty  ( m 0 / r  2) �9 
sin0e iwt due to the magnet ic  dipole m; the solution of p rob lem b must  be bounded. 

The per iodic  solution of Eqs.  (2.1) and (2.2) which sa t i s f i e s  the conditions enumera ted  has the f o r m  

for  p r o b l e m  a ; 

3m~ "!_ H ~  ( kr) sin Oemt; 

C1 - -  r~ 3t1!~] (kro) - -  ( k r o )  I1!~I ( k "o )  ' - 31t,/, (kro) - -  (k,'o) Ji}~: ) (kro) 

m 1 - ~  ~ _ _  

j,, (kr) 

/ - T  t Hor30/_2 [l_.k2r___yo3 -4- k~ ~ r kro , P.z = 3r0 ~ S~ sin"r0 H~ 

for  p rob l em b, where  k = ( 1 - i ) / ~ ,  and 6 ----- c,'~]2--~ in the th ickness  of the skin layer ;  the constant  m 1 is the 
ampli tude of the magnet ic  momen t  acqui red  by the conducting sphere  in the f ield H0eiWt; the H~)(x) a r e  Hankel 
functions of the second kind [6] of o rde r  ~t ; and J3/2(x) is a Besse l  function of o r d e r  3 / 2 .  

w 3. The flow of an i ncompres s ib l e  conducting fluid is desc r ibed  by the hydrodynamic  equations 

, div v -= O ;  (3.1) 

rot v = w; (3.2) 

Ow/Ot + v rot rot w = (t/pc) rot [ j •  (3.3) 

Since the Stokes approximat ion  is used,  the nonlinear  t e r m  ro t  iv xw] in the las t  equation is dropped. The 
Lorentz  fo rce  ( l / c )  [j • HI = (~ /c )  [E 2 • H2] on the r igh t -hand  side of (3.3) is calcula ted f r o m  the solution of the 
e lee t rodynamic  par t  of the p r o b l e m  and can be wr i t t en  in the f o r m  

(Uc) [ j •  H] = (o/2c) [(~27(;re0 --  ~2~20er) -}- (~'2:7C-2~ee --  ~7r e2~'], (3.4) 

where  $8, and3C 2 a r e  complex  am p l i t udes i n t h e  expres s ions  E2(r , 0, t) = ~2(r, 0)e ~ '  and 1t2(1" , 0, t) =3r , 0)e iwt. 
It is c l ea r  f r o m  (3.4) that  the fo rce  f ield cons i s t s  of a s teady  par t  and an osc i l la t ing  par t  with a double f requency.  
As a r e su l t  the fluid flow a lso  has  s i m i l a r  components .  
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The  v o r t i c i t y  of the  f l o w w  has a nonzdro  a component ;  i .e . ,  ~ = w ( r ,  0, t ) e a .  
condi t ions  a r e  known fo r  w( r ,  0,  t): 

wl~=~ :/: c~; 

Wlr= 0 =f= cr 

F o r  r = r  0 the boundary  condi t ions  fo r  the v o r t i e i t y  a r e  unknown. 

The  fo l lowing boundary  

(3.5a) 

(3.5b) 

The  solut ion of Eq. (3.3) is wr i t t en  as  a sum:  

w (r. 0, l) = ((I)o(r)/r) sin 20 ~- (~l(r)/V-~ sin 20e 2~c~ 

w h e r e  the f i r s t  t e r m  d e s c r i b e s  the  s teady  pa r t  of the flow and the second ,  the osc i l l a t ing  pa r t .  

The  funct ions  ~0(r) f o r  p r o b l e m s  a and b which s a t i s fy  Eqs .  (3 .5a,  b) have the f o r m  

2r r 2x 1 , r 
qb 0 (r) = Cor -2 -? B ,  ~r ~ + 4r 66 § C,5"- 3~ 4= - ~  ~ x-~e --g dx 

r 
fo r  p r o b l e m  a; 

a 36 r 2 �9 2r Oo ( r ) -  Do," _~ B2 [(4_~_- ~ . ~ ) ( s i n ,  "-~-'2r" s h - ~ ) - ~  T I  (ch-~- --  c~ ~-~r ) + 

r ( 2r 2r '  , t [ . 2r 2r) 2r a j ' x - l ( c o s - - ~ - - c h ' ~ ) d x  9x 9x' t~--~., c h - ~ + c o s y ) - r - ~ s m  T § §  

,) 
fo r  p r o b l e m b ,  w h e r e  n --._9 ~ i ., 1 t - ,  ~ 1  2 0 ~ - '  r~ ~ IC~J', B~ - -  - -  2o lf~ ~ pV~ ID~-] ~; Co and D O a r e  a r b i t r a r y  cons tan t s  which wil l  

be found in de t e rmin ing  the ve loc i ty  f ield.  

We p r e s e n t  an e x p r e s s i o n  fo r  r  which  is val id  f o r  p r o b l e m  a in the l imi t  of a s t r o n g  sk in -e f f ec t ;  i .e . ,  
fo r  6 <<r0, 

�9 r - - r o  

�9 1 (r) = ae-20+~)%-/-~ -~- ~ze 20+0" 6 r., 

a, .... i ( 3 )"VZ~ (-~-)~" (m~ '12 e-2(l+i)~C2, " " " - - "  
/---~- 

/~-~ ] 6 , = 2  ] /  %-, 

a is an u n d e t e r m i n e d  cons tan t ;  6 1 is the  v i scous  skin  l a y e r ,  and because  v << Vz = c'Z/4g(r , 5i<< 5.  

w The v e l o c i t y  f ie ld  is de termined  f r o m  Eqs.  (3.1) and (3.2) by us ing  the vor t i e i t i e s  w0= ( ~ 0 ( r ) / r )  �9 
s i n 2 0 e ~ ,  wz = (Oz(r)/V-~ sin20e2iWte~. Equation(3.1)  is sa t i s f i ed  ident ical ly  by the introduction of  the vec tor  

potent ia l s  S0(r , 0)e  a and ~I,1(r , 0)e2iWtea, r e s p e c t i v e l y ,  fo r  the  ve loc i t i e s  of  the  s t eady  and osc i l l a t ing  f lows 

v ~ ----- rot[Wo(r, 0)ea], v ~ : rot[Tz(r, O)e~Ie ~ t .  (4.1) 

The  so lu t ions  fo r  q'0, g't  a r e  c o n s t r u c t e d  by the  s e p a r a t i o n  of v a r i a b l e s  

To(r , 0) : %(r) sin 20; W~(r, 0) = ~Pl(r) sin 20, (4.2) 

w h e r e  a c c o r d i n g  to (3.2) the func t ions  Co(r) and r l(r) mus t  s a t i s fy  the equat ions  

(dVdF-)(r%) --  6%/r  = --(I)o(r); (4.3) 

.(dVdr2)(rCt) - -  6 r  = - -  ~/rCb,(r) (4.4) 

and the boundary  condi t ions  

~pi(ro)--~oo, (d/dr)(rq~)] . . . .  = 0  (i = 0,t), 

r =0 fo r  p r o b l e m  a ,  and r ~ fo r  p r o b l e m  b. T h r e e  condi t ions  a r e  imposed  on each  s e c o n d - o r d e r  
equat ion  (4.3) and (4.4). A so lu t ion  is poss ib le  s ince  each  funct ion O0(r) and O~(r) conta ins  one a r b i t r a r y  con -  
s tant .  

A c c o r d i n g  to (4.1) and (4.2) the componen t s  of the  ve loc i ty  v ~ a r e  e x p r e s s e d  in t e r m s  of r 0 by the r e l a -  
t ions  

v ~ = (2~Po/r) (3 cos ~ 0 --  1), v~ = --  ( t /r)  (d/dr) (r~?a) sin 20 

with s i m i l a r  e x p r e s s i o n s  fo r  Vlr and v~ .  

(4.5) 
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F r o m  the solution of Eq. (4.3) the following express ions  a re  obtained for  the quantities appear ing in Eqs. 
(4.5) for  the veloci ty  f ield v~ 

t -7-%(r) ~ VoF ~ I d "7--~r (r*o) = VoF~ (r). (4.6) 

Since F~ = ( 1 / r ) d / d r  (r2Fr~ we presen t  only the express ions  for  FOr . For  p rob lem a 

F ~  7Z(ro)@ 1- -  4 -t-2 z(ro)-7~--Z(F) + t 5 L r a  \ ~- -~o ) -- -/r (2 -F rS--V)e----W---]I; 

ra r3 2(r--ro) r4 
Z( r )=  2 ~ - - -  2 + + 3 - - 6  e 6 6 4 ~ -  -- + 8 - ~  x- lo  dx, 

r/ro 

~ . 3 •  - ' .  k l =  [9 r2 ( t - ~ - ~ 0 ) 2 - ~ (  2:-~ r . ,  J ) 

the dimensional  constant V 0 r ep re sen t ing  the veloci ty  scale  has the value 

3 r0 / ~ ?  
Vo = ~ s ~ p , , ~  4 ]" 

Here  the pa r a me te r  m0/r30 c h a r a c t e r i z e s  the scale  of the applied magnetic field. 

The dimensionless  functions FOr and F~ which de te rmine  the radia l  dependence of the components  vro and 
v~ of the veloci ty  of s teady flow in Eqs. {4.5) and (4.6) a re  shown in Fig. 2 for  warious values of 5 / r0 ,  with 
open cu rves  fo r  F r  o . 

If 5<<r0, the fo rmulas  a re  simplified.  In this case  

FOr tO5 5 ~ 1--  (r/ro)2 (4.7a) 
4 rg (r/ro) 4 ' 

,05 6~ ( ro ~' [ 2(:~r~ t F~ = -if- ~-~ \-7"-] i - -  r__ro e ( 4 . 8 a )  

It is c lea r  f r o m  (4.8a) that the 0 component of the veloci ty  v e r y  rapidly  (within a distance of the o rd e r  of 5 
f r om the boundary) r e aches  its maximum value and then fai ls  to ze ro  as (r0/r)a.  As can be seen f r o m  (4.7a) 
the radia l  component r eaches  its maximum only at r =l/-ffr0 . The formulas  presented  show that for  smal l  5 the 
veloci ty  of s teady flow is propor t ional  to 5 2. F igure  2 shows that the maximum values of the r and 0 compo-  
nents of veloci ty  a re  reached  at 5 / r  0 ~. 1.0 and 5 / r  0 ~ 0.5, respec t ive ly .  The veloci t ies  dec rease  for  a fu r ther  
increase  in 5. 

A pic tor ia l  r ep resen ta t ion  of the nature  of the s teady flow can be obtained f r o m  Fig. 3 which shows the 
flow lines [lines of constant values of r r  ) sin 20 sin 0] for  5 / r0=0 .5 .  Since v a = 0, the flow lines a re  plane 
curves  in the planes a =const .  F igure  3 shows the flow lines in the upper hemisphere ;  the flow in the lower 
hemisphere  is symmet r i c  with r e spec t  to the plane z =0 (or 0 =~/2) and is not shown. 

For  p rob lem b the express ion  for  FOr has the f o r m  

FOr = k., r~ { ( t - -  ~r2 )I21 (ro) _ T X~. (ro)] @ Xl (r) _}_ x2 (r) _ ;O (ro) _ )~.,. 

x~(r)= g6 (~r +2-~]sm--~ - -  --~-v cos 8 
' r/5 

( 5  r , 5  3 ) 2r ( 6  z ) + )  2r 2r z ~ x _ l ( c o s 2 x _ _ c h 2 x ) d x ,  
- -  -57 -} 56 7 2 ~  s h - ~ - - -  ~ - r ~ -  ch 8 38 '2 

0 

_ _  5 6 4 [  8 . 2r 2r 8 , 2r 2r ] 
Z~ (r) -- 87 [ "7  s~ n --S- -- 2 cos ---g- -L- -7- sn -'8- -- 2 ch -~-j, 

k~_ == r~ 
( r o ) Z (  ro ro~2'  r o --=--, ~-l- cos sh ~-)  sin -~- ell 6 ~ -  

Vo- 9 _r.. ( ~ 0 ~ 2  
560 8~pV ~r~ ) " 

F igure  4 shows FOr and F~ as functions of the dimensionless  radius  r / r  0 for  5 / r 0 = 0 . 1  , 0.5, and 1.0. The 
open c ~ v e s  are for FOr. For 5 / r 0 : 2 . 0  the values of FOr and F~ are nearly ~ero and e a ~ a  be shown on the 
scales  chosen in Fig. 4. It is c lea r  f r o m  Fig. 4 that the flow veloci ty  r eaches  maximum values for  6 / r0=0 .5 .  
The flow lines for  5/ro=0.5  are shown in Fig. 5. 
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We presen t  the solution for the osci l lat ing par t  of the flow when 5 << r 0 (problem a). The solution of Eq. 
(4.4) which sat isf ies  the n e c e s s a r y  boundary conditions has the fo rm  

~h(r) =:--',ror-7~-~l(i P i )  r: (-~-l - - - ~ - ) - - [  (l+~)-~-~ --:_ I J e - -2 ( t§  ~, }; 

9 r o m o 
V1 -- 64 8~pv 

Hence it is c lea r  that the amplitude of the rad ia l  component Vr 1 of the veloci ty of the osci l la t ing par t  of the 

flow increases  v e r y  rapidly  f r o m  zero  at r = r  0 to its maximum /)max r-~-0~ V~ at r ~-r 0 + 6,  and then fal ls  off 

as (r0/r) 3. The v~ component behaves s imi la r ly ;  it r e ach es  a maximum value twice as large  as that of Vr 1 and 
falls  off as ( r0/r)  4. 

A compar i son  of v~m,x with the maximum value of the radia l  component of the veloci ty  of s teady motion, 
V~ = (105/4) (52/r~)V0 fo----r 5<< r 0, shows that the i r  ra t io  is  

"~ = - -  (-~)" <<<i; Zmax 51 51 ~ o 
~.o ""  7 .  -~-  r~ 
max 

i .e. ,  the veloci ty  of the osci l la t ing flow is ve ry  small  in compar i son  with that of the s teady flow. 

The author thanks V. I. Khonichev for  help in obtaining numer ica l  values.  
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